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The complete enumeration of all (118) inequivalent extremal doubly-even (40,20,8) codes 
derived from Hadamard matrices of order 20 is given. 
We assume that the reader is familiar with the basic facts from the theory of 
self-dual codes and designs. Our terminology and notation follow that from [2-51. 
The following theorem provides a method for the construction of doubly-even 
self-dual codes from Hadamard matrices of order IZ = 4 (mod 8). 
Theorem (Tonchev [S]). Let H be II Hudamard matrix of order n = 8t + 4 such 
that the number of +1’s in each row and column is congruent to 3(mod 4). Then 
the following matrix 
(I, (H + JY2), 
where J k the all-one matrix, generates a binary self-dual doubly-even code C of 
length 2n. The minimum distance of C is at least 8 if and only if each row and 
column of H contains at least 7 +l’s. 
This theorem gives a simple criterium for extremality of codes arising from 
Hadamard matrices of relatively small orders. Starting from a particular 
Hadamard matrix, one can transform it into many different (but equivalent) 
matrices by multiplying rows and columns by -1 so that all rows and columns 
contain a number of +1’s congruent to 3 modulo 4. A computer search showed 
that at least 79 inequivalent extremal doubly-even (40,20,8) codes arise from 
Hadamard matrices of order 20 [5]. 
In this note we summarize the results of a complete enumeration of the 
extremal doubly-even (40,20,8) codes derived from Hadamard matrices of order 
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20. All (118) p airwise inequivalent (40,20,8) codes arising from the three 
inequivalent Hadamard matrices of order 20 are found and their automorphism 
groups computed. There are 5 codes with transitive automorphism groups, 72 
codes with full group of order a power of 2, and 17 codes with trivial group. 
There is only one code with nontrivial full group of odd order, namely of order 3. 
There are two equivalent codes derived from inequivalent Hadamard matrices. 
Table 1. The Hadamard 2-(19, 10,5) designs. 
DESIGN III 
1 1 I 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 
1 1 1 1 1 0 0 0 0 0 1 1 1 1 1 0 0 0 0 
1 1 1 0 0 I 1 0 0 0 I 1 0 0 0 1 1 1 0 
1 0 0 1 0 1 0 1 0 1 1 1 0 1 0 0 I 0 1 
1 0 0 0 1 0 1 1 1 0 0 1 0 1 1 0 1 1 0 
1 0 0 0 1 0 1 0 1 1 1 1 1 0 0 1 0 0 1 
0 1 1 0 0 0 0 1 1 1 1 1 0 0 1 0 0 1 1 
0 1 0 1 o 1 1 0 1 0 0 1 1 0 1 0 1 0 1 
0 1 0 1 0 0 1 1 0 1 0 1 1 1 0 1 0 1 0 
0 1 0 0 1 1 1 1 0 0 1 0 0 1 1 1 0 0 1 
0 1 0 0 1 1 0 0 1 1 1 0 1 1 0 0 1 1 0 
0 to 1 1 1 1 0 0 1 0 0 1 0 1 0 1 0 1 1 
1 1 1 0 0 1 1 (0 0 0 1 1 0 0 0 1 1 1 0 
1 1 1 0 0 0 0 1 i 0 0 0 1 1 0 1 1 0 1 
1 0 1 0 0 1 0 1 ~0 1 1 0 1 0 1 0 0 1 1 
: (0 0 1 0 1 1 1 I:, 0 0 1 $0 : 1 1 0 sj 1 
1 0 ij 1 0 1 IO 0 1 1 0 1 1 1 0 0 1 1 0 
1 IO 0 0 1 0 1 I 1 0 1 0 0 1 1 0 1 1 0 
1 0 0 0 1 0 1 0 I 1 1 1 1 0 0 1 0 0 1 
0 I 1 0 0 0 1 0 1 1 0 1 0 1 1 0 0 1 1 
10 1 0 1 0 1 1 0 1 0 1 0 1 0 1 ‘:I 1 3.) 1 
10 1 0 0 1 1 0 1 0 1 1 1 0 1 0 0 1 0 1 
10 0 1 1 1 1 0 0 1 1:) 1 0 0 1 0 1 0 1 1 
0 0 1 1 1 0 1 1 0 0 0 i 1 0 0 0 1 1 1 
0 0 1 1 0 10 10 1 1 1 1 1 0 0 1 1 1 0 0 
0 0 1 0 1 1 1 0 0 1 0 0 1 1 1 1 1 0 0 
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The results are displayed in Table 2, where for each code the columns to be 
negated in the initial Hadamard matrix, the order of the full automorphism group 
and orbit lengths are given. The last column of Table 2 contains information for 
codes which already appeared in [5]. Table 1 contains the Hadamard 2-(19,10,5) 
designs defining the initial normalized Hadamard matrices we use. Note that for 
the sake of some computational convenience we use designs different from those 
Table 2. Extremal (40,20) codes derived from Hadamard matrices of order 20. 
Codes from Hadrrard matrix related with design III 
Ident.nr. 1 
1 
2 
3 
4 
5 
; 
8 
9 
1 0 
11 
I” 
1; 
14 
15 
lb 
17 
18 
19 
30 
21 
I Negated columns 1 aut 1 Aut. part. 
Code nr. 
1 n 151 
1 
l-3 10 15 18 20 
1 2 10 15 20 
1 2 10 15 l? 
1-Z 10 15 
1 2 6 12 16 
l-4 7 14 16 
13 10 19 
l-5 
12 4 16 19 
14 17 
1.474.560 = 2’“3’!j 
737.280 = 2143’5 
49.152 = 21-3 
16.584 = 2x4 
6.144 = 2”s 
6.144 
4.096 = 2’= 
40 
40’ 
24’16’ 
lb’s’ 
“4’16’ 
24’16’ 
12 
- 
4 
- 
- 
1 
9 
10 
14 
11 
7 
2 4 17 19 
.4 16 
12 4 715 
12 4 16 20 
12 4 10 19 
12 4 17 20 
12 4 10 17 
14 6 
11 4 b 10 
14 7 
133 161a= 
12EJ 161814. 
128 16’8%4. 
a-3. 
8344 
a-4’ 
4-z. 
64 = 2. 
32 = 2” 
Codes from Hadamard matrix related with design IV 
Ident.nr. Negated columns ht. part. 
Code nr. 
In (51 
22 
2 _, 
24 
25 
16 
27 
2s 
29 
50 
71 
-_ _,_ 
__ 
_. _, 
;4 
-c _,b’ 
76 
;7 
Y.8 
;9 
40 
41 
42 
4.7 
44 
45 
46 
47 
1 
1 1 16 17 20 
7-T 
_,& 
- 
- 
19 
_ 
- 
17 
- 
16 
- 
29 
,6 
_ 
- 
_ 
1-T 16 17 24’16’ 
=4’16& 1 2 4 - 6 12 19 
1-T 18 19 
14 16 17 20 
12 4 5 18 
12 4 5 19 
1-T b 7 
12 6 14 2CI 
l-5 
14 8 11 17 
12 4 6 10 11 15, 
1-T 16 ia 
1” b a 3 
14 8 15 16 
1 2 4 1 I:> “(1, 
1 2 4 1: 14 
1-T 6 11 
1-Y 6 1: 
12 4 6 7 
1 2 4 10 l? 
14 10 
12 4 6 9 
-2 
16 = 2* 
16 
16 
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in [5] (although isomorphic to them). For the computation of the automorphism 
groups, as well as for the determination of possible equivalence, we have studied 
the designs with 40 x 285 incidence matrices formed by the minimum weight 
codewords. Since any of the codes is generated by the set of minimum weight 
codewords, the group of the code coincides with the group of the design of 
Table 2. (( 
Ident.nr. 
:0r 
i 48 
49 
50 
51 
52 
53 
54 
ST; 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
48 
69 
70 
Ident.nr. Negated columns 
71 
72 
75 
74 
75 
76 
77 
78 
79 
80 
81 
82 
8, 
84 
85 
86 
87 
88 
89 
?O 
?1 
92 
93 
94 
95 
96 
S? 
“R 
99 
&wed) 
Negated columns 
1-T 6 17 16 
14 18 16 
14 19 
12 41116 
13 4 6 8 
12 4 11 13 
12 4 5 a 
12 4 5 10 
1-z 6 9 
12 4 017 
12 4 6 14 
12 4 6 16 
13 4 6le 
14 6 
14 16 
124-b 
11 4 6 8 
12 4 610 
12 4 6 11 
12 4 6 19 
12 4 813 
12 4 b 13 
14 8 
IAutl 
Codes from Hadalnard matrix related with design IJX 
1 
1 2 4 10 30 
1-s 5 15 19 20 
l-4 ? 13 19 
12 4 a 9 
l-5 16 20 
l-5 
1-Y ? 16 
12 4 69 
1-T 9 13 
14 6 11 20 
l-4 7 
14 9 
14 12 
1-4 17 
14 18 
1 -1 5 1 Cl 
l--1 5 14 
1” 4 5 16 
12 4 6 18 
12 4 7 20 
12 4 815 
l-5 16 17 
6.840 = F3’5’19 
1’ = =*= 
4 
4 
4 
Glut. part. 
Code nr. 
in 151 
61 
5: 
55 
7: 
44 
68 
_ 
45 
70 
69 
6 : 
_ 
_ 
71 
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Table 2. (Continued) 
t 
Ident.nr. 
1 lx1 
10 1 
102 
10; 
104 
105 
106 
107 
108 
109 
1 1 0 
111 
112 
113 
114 
115 
116 
117 
11s 
119 
Negated columns 
l-5 16 19 
14 6 12 20 
14 6 1Z ie 
14 6 
14 10 
14 13 
14 14 
14 15 
14 16 
14 20 
1-z 5 7 
1-T. 5 Q 
l--3 5 18 
I-_3 5 20 
l-: 8 17 
12 4 5 16 
12 4 715 
12 4 717 
12 41011 
12 4 15 20 
IAutl 
2 
2 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
Aut. part. 
2”O 
210 
2’0 
1-o 
1-o 
1-o 
1-o 
140 
1-o 
1-o 
1-o 
1-o 
1-o 
1-o 
1.0 
1-o 
1-o 
1-o 
1.0 
1-o 
Code nr. 
in (51 
62 
64 
32 
54 
42 
51 
71 
59 
SO 
41 
66 
46 
33 
36 
67 
47 
50 
49 
minimum weight codewords, and two codes are equivalent if and only if the 
corresponding designs are isomorphic. The only pair of equivalent codes in Table 
2 are 21 and 5.5, although these codes arise from inequivalent Hadamard matrices 
(the question of the equivalence of these codes was left open in [5]). 
As a final remark we mention that the same method has been used in [l] for 
the construction of new extremal doubly-even (56,28, 12) codes from some of the 
known Hadamard matrices of order 28. 
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